A new sequential approach to investigations of structure of metric spaces at infinity is proposed. Criteria for finiteness and boundedness of metric spaces at infinity are found.
Introduction
Under the asymptotic structure describing the behavior of an unbounded metric space (X, d) at infinity we mean a metric space that is a limit of rescaling metric spaces (X, 1 r n d) for r n tending to infinity. The Gromov-Hausdorff convergence and the asymptotic cones are most often used for construction of such limits. Both of these approaches are based on higher-order logic abstractions (see, for example, [1] for details), which makes them very powerful, but it does away the constructiveness. In this paper we propose a more elementary, sequential approach for describing the structure of unbounded metric spaces at infinity.
Let (X, d) be an unbounded metric space, p be a point of X andr = (r n ) n∈N be a scaling sequence of positive real numbers tending to infinity. Denote byX ∞,r the set of all sequencesx = (x n ) n∈N ⊂ X for each of which lim 
Let Ω X ∞,r be the set of equivalence classes generated by ≡ onX ∞,r . We shall say that points α, β ∈ Ω X ∞,r are mutually stable if forx ∈ α andỹ ∈ β there is a limit
X ∞,r , and the edge set E(G X,r ) such that ({u, v} ∈ E(G X,r )) ⇔ (u and v are mutually stable and u = v) , and the weight ρ : E(G X,r ) → R + defined by formula (1.1). Definition 1.1. The pretangent spaces (to (X, d) at infinity w.r.t.r) are the maximal cliques Ω X ∞,r of G X,r with metrics determined with the help of (1.1).
Recall that a clique in a graph G is a set A ⊆ V (G) such that every two distinct points of A are adjacent. A clique C in G is maximal if C ⊆ A implies C = A for every clique A in G.
Define the subset α 0 = α 0 (X,r) of the setX ∞,r by the rule:
Then α 0 is a common point of all pretangent spaces Ω X ∞,r . It means in particular that the graph G X,r is connected.
Let (n k ) k∈N ⊂ N be infinite and strictly increasing. Denote byr ′ the subsequence (r n k ) k∈N of ther = (r n ) n∈N and, for everyx = (x n ) n∈N ∈X ∞,r , writẽ
Let us defineX ∞,r ′ and ρ ′ similarly toX ∞,r and, respectively, ρ and let π :
is an embedding of weighted graphs, em
are isometries of the pretangent spaces Ω X ∞,r on the metric spaces em
is maximal for every infinite, strictly increasing sequence (n k ) k∈N ⊂ N. Example 1.3. Let E be a finite-dimensional Euclidean space and let X ⊆ E such that the Hausdorff distance d H (E, X) is finite. Then for every scaling sequencer all pretangent spaces Ω X ∞,r are tangent and isometric to E. In conclusion of this brief introduction it should be noted that there exist other techniques which allow to investigate the asymptotic properties of metric spaces at infinity. As examples, we mention only the balleans theory [2] and the Wijsman convergence [3] , [4] , [5] .
Finiteness
In this section we study the conditions under which pretangent spaces are finite.
Theorem 2.1. Let (X, d) be an unbounded metric space, p ∈ X, n ≥ 2 and let
Then the inequality Ω (i) The graph G X,r is a star with the center α 0 for every scaling sequencer;
(ii) The limit relation lim
Let us consider now the problem of existence of finite tangent spaces. The standard definition of the porosity at a point can be found in [6] . For a metric space (X, d) and p ∈ X write S p (X) := {d(x, p) : x ∈ X}. (v) There is a bounded, separable tangent space Ω X ∞,r . Some results which are similar to Theorem 2.1 and Theorem 2.4 can be found in [7] and [8] respectively.
Boundedness
Letτ = (τ n ) n∈N ⊂ R. We shall say thatτ is eventually increasing if the inequality τ n+1 ≥ τ n holds for sufficiently large n. For E ⊆ R • Each (a n , b n ) is a connected component of the set Int(R + \ E); • (a n ) n∈N is eventually increasing; • lim n→∞ a n = ∞ and lim n→∞ b n −a n b n = 1.
Define an equivalence ≍ on the set of sequences of strictly positive numbers as follows. Letã = (a n ) n∈N andγ = (γ n ) n∈N . Thenã ≍γ if there are some constants c 1 , c 2 > 0 such that c 1 a n < γ n < c 2 a n for every n ∈ N. The set E isτ -strongly porous at infinity if there is a sequence ((a n , b n )) n∈N ∈Ĩ i E such thatτ ≍ã whereã = (a n ) n∈N . The set E is completely strongly porous at infinity if E isτ -strongly porous at infinity for everyτ ∈Ẽ i ∞ . Note that every completely strongly porous at infinity set is strongly porous at infinity but not conversely. Definition 3.2. Let (X, d) be an unbounded metric space and let p ∈ X. A scaling sequencer is normal ifr is eventually increasing and there isx ∈X ∞,r such that lim
Write F n (X) for the set of all pretangent spaces Ω X ∞,r with normal scaling sequencesr. Under what conditions the family F n (X) is uniformly bounded?
Recall that a family F of a metric spaces
then we say that F is uniformly discrete (w.r.t. the points p Y ).
The following theorem is an analog of Theorem 3.11 and Theorem 4.1 from [9] . (ii) S p (X) is completely strongly porous at infinity.
(iii) The family F n (X) is uniformly discrete w.r.t. the points α 0 defined by (1.2).
If F n (X) is uniformly bounded, then every pretangent space Ω X ∞,r is bounded, but the converse, in general, does not hold. The following theorem gives a boundedness criterion for pretangent spaces. The example of ω-strongly porous at infinity set E ⊆ R + which is not completely strongly porous at infinity can be obtained as a modification of Example 2.10 [10] .
Using Theorem 3.5 we can obtain a criterion of existence of an unbounded pretangent space. The condition of such type are importnt for development of a theory of pretangent spaces of the second order or more (i.e., pretangent spaces to pretangent spaces, pretangent spaces to pretangent spaces to pretangent spaces and so on).
Let (Y, d Y ) be a metric space. Then for every K ⊆ Y and y ∈ Y we write dist(y, K) = inf{d Y (y, x) : x ∈ K}. The following definition can be found in [11] .
For A ⊆ R and t ∈ R we set tA := {ta : a ∈ A}. Using Theorem 3.7 we can obtain the following corollary. 
